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Abstract 

This paper is a continuation of the papers [1-6]. The aim of the paper is to incorporate 
singularities — both local (black hole and naked singularity) and global (big bang and big crunch) 
— into the dynamics of indeterministic quantum gravity and cosmology. The question is whether 
a singularity is dynamically passable, i.e., whether a dynamical process which ends with a 
singularity may be extended beyond the latter. The answer is yes. A local singularity is trivially 
passable, while the passableness for a global singularity may invoke CPT transformation. The 
passableness of the singularities implies pulsating black holes and the oscillating universe. For 
the local singularity, the escape effect takes place: In a vicinity of the singularity, quantum 
matter leaves the gravitational potential well. 
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... put thyself into the trick of singularity. 

William Shakespeare 



Introduction 

In literature, there is a great body of information on singularities in gravity and cosmology, 
so that we shall restrict our consideration of them to the theory being developed in this series 
of papers. To wit, the aim of the present paper is to incorporate the singularities into the 
dynamics of indeterministic quantum gravity and cosmology (IQGC). What is at issue is the 
question whether a singularity is dynamically passable, i.e., whether a dynamical process which 
ends with the singularity may be extended beyond the latter. The answer is yes. 

There arc local singularities (black hole and naked singularity) and global ones (big crunch 
and big bang). For any singularity, dynamical passableness means that the singularity exists 
only instantly in time, so that a gravitational contraction resulting in the singularity is imme- 
diately followed by an expansion. The expansion in its turn is followed by the next contraction 
and so on, so that we have either a pulsating local object or the oscillating universe. 

A singularity manifests itself both in a static aspect and in a dynamical one. The former is 
that the metric g relating to the singularity is degenerate, the latter is that (7 as a function of 
time cannot be C°°. It is the dynamical aspect that we are mainly interested in. Indeed g may 
be or C. 

There are singularities of two types: tempered and strong ones. A tempered singularity is 

C^, and in this case a state vector ^ of matter and energy e exist. A strong singularity is C, 
and is that case ^ and e do not exist {e = 00). The tempered singularity is trivially passable. 
The passableness of the strong singularity invokes CPT transformation. A local singularity is 
tempered. A global singularity (big crunch followed by big bang) may be both tempered and 
strong, depending on the pressure of matter. 

For a local singularity, the escape effect takes place: In a vicinity of the singularity, quantum 
matter leaves the gravitational potential well before the well results in the singularity. The effect 
is impossible in (semiclassical) general relativity because of the constraint equation (which does 
not hold in IQGC). 

1 Singularities and passableness 
1.1 Future-singular point 

Let V(-0fl) be a deterministic process (from here on see [5]) and gti^ti^u i ^ (~^;0), be 
determined by V. The point i = is a future-singular point for the process iff g^Q = limt_>_o gt 
exists and is degenerate, g-o = {dg/dt)-o exists, and a finite g-o does not exists. The point 
t = is temperately singular iff and £_o exist for a solution to 

Ht<i/t = £t'^t; (i.i.i) 

the point i = is strongly singular iff and £_o do not exist (£_o = 00). 
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1.2 Past-singular point 

A past-singular point t is defined straigtforwardly by the replacements 

P(_e,o) ^P(o,e), -0^+0. 



(1.2.1) 



1.3 Passable singular point 

Let V[-e-,o) be a deterministic process and t — he a future-singular point for it. The point is 
passable iff there exists a deterministic process V(ofi+), such that i = is a past-singular point 
for it and: 

for a tempered singularity 

^+0 = ^hm P(o,0+)(^) = lim^V{-e-,o){t) = a;_o; (1.3.1) 

for a strong singularity 

^+ = r = e, V^o,e){t) = CPTV^-e,o){-t) (1-3.2) 

(as to CPT in IQGC see [6]). 

In IQGC, for any given 9~^, 7^(o,0+) should be unique. 

We shall say that a passable tempered (respectively strong) singularity is trivially (respec- 
tively CPT) passable. 

The passableness for a past-singular point is defined in a similar manner. 

1.4 Local and global singularity 

For a local singular point t — 0, the metric g is degenerate at a single point of spacetime 
manifold M. For a global singular point t — 0, the metric is degenerate at i = on the unit 
3-sphere, i.e., in the subset 

{0} xS^ CM (1.4.1) 

of M (see [6]). 



2 Black hole and naked singularity 

2.1 Equation of motion 

In the case of black hole or naked singularity, a singularity is local. To solve the problem of 
passableness for the singularity, it suffices to consider the simplest case: a gravitational collapse 
of a spherically symmetric ball of dust with uniform density [7,8]. 
The interior metric in comoving coordinates is 



+ r^dO"^ + sin^ 9 d(p^ 



(2.1.1) 
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The singularity relates to the center of the ball, i.e., to r = 0. The projected Einstein equation 
[2,3] gives 

Gij = SnnTij + 2RR + = -SirKpR^, (2.1.2) 
so that for p = we have 

k + 2RR + R"^ = 0, (2.1.3) 

whence 

4^[R{k + i^)] = 0, R{k + ie) = C. (2.1.4) 
art 

The initial conditions are 

R{-t/2) = 1, /?(-r/2), (2.1.5) 

so that C = k and we obtain 

R{k + R^) = k. (2.1.6) 
Matching the interior and exterior solutions leads to the value 

(2.1.7) 

where a is the ball radius in the comoving coordinate system, 

4:TT 

M = —p{0)a^ (2.1.8) 
3 

is the ball mass, and p(0) is the initial matter density. 

An important point is that since the pressure on the ball surface is always zero, the energy 
constancy condition 

e = M = const (2.1.9) 
holds even for a nonzero internal pressure. 

2.2 Metric singularity 

The metric ( p.l.l|) depends on 

q = R'^ (2.2.1) 

rather than on R itself. Thus a metric singularity should be treated in terms of q. Equation 
(|2.1.6| ) and the initial conditions (|2.1.5|) take the form 



+ 4A;g - 4A;g^/2 = 0, (2.2.2) 

g(-r/2) = 1, g(-r/2) = 0. (2.2.3) 

For g — we have 

g2 - 4A;g^/2 = 0, (2.2.4) 

so that 

I = T2k'/W^\ (2.2.5) 
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the minus (respectively plus) sign corresponding to a contracting (respectively expanding) ball. 
Choosing r in (^^ ) so that 



we obtain for t ^ 



g(0) = 

) 



4/3 



.0^ 1/3 

g = 2 ( |j 0H'/\ 



2s2/3 



^2/3^-2/3_ 

Equation ( |2.2.6| ) implies that the metric (p.l.lp is degenerate, i.e., singular at t = 0. 



(2.2.6) 

(2.2.7) 
(2.2.8) 
(2.2.9) 



2.3 Tempered singularity and trivial passableness 



Equations (|2.2.7D , (|2.2.8| ) are valid both for t < and for t > 0; equation (|2.2.9|) is valid both for 
t < and for t > 0. Thus equations ( 2.2.7 )-( 2.2.9| ),( p".1.9|) imply that the singularity considered 
is a tempered one: In accordance with eq. (|1.3.1| ), g,g, and e are continuous at t = 0, and we 
may assume that \E' is continuous as well. So that the state 



uj = {g,g,^) 

is continuous at t = 0. The metric is C^. Such a singularity is trivially passable. 



(2.3.1) 



2.4 Pulsating black hole 

It is obvious what is the time evolution of the system considered. The time r/2 is given by [8] 

r TT TT / 3 

2 ~ 27^ ~ 2 [snKpiO) 

We have in terms of R: 

R{-t/2) = 1, R{-t/2) = 0; R{0) = 0, R{0) = 0; R{t/2) = 1, R{t/2) = 0; and so on. 

(2.4.2) 

Thus the ball, or the relating black hole pulsates with the period r. 

It must be emphasized that the case in point is a pulsating black hole rather than a black 
hole and a white one that are periodically interconverted. 



(2.4.1) 



2.5 Escape effect 

Now we should like to take into account the quantum nature of matter. To do this we consider 
the motion of a quantum particle in a gravitational potential well generated by the dust ball. 
From eqs. ( pX3|) , ( pX6| ) , ( pX7|) it follows 



y^aR. (2,5,i; 
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An analogous equation holds [9] for a quantity 

T] = clR^, < i?, 

i.e., 



where 

M, = M{ri/yf 

is the mass of the ball with radius rj. Equations ( p^.5.3| ),( |2.5.4| ) imply that the potential energy 
of a particle with mass m is 

J —u + (7/2)77^ for 7] < y 
I —KMrn/r] for r] >y. 



From the conditions 



it follows 



U\ -U\ ^^1 -^^1 

Uiv) = "^^^iv^ -^y^) foYr]<y. 



We find for the average value inside the ball 



1 fy , o,,, , GuMm kMui 

(U) = ^- / d7]7fU{7]) 



y^/SJo hy y 

Thus we may consider the particle in a well of radius y and depth 

Uo[y) = . 

y 

The criterion for the existence of at least one discrete level is 



2.5.21 



2.5.3) 
2.5.4) 



2.5.5) 

2.5.6) 
2.5.7) 

2.5.8) 
2.5.9) 



f/oy' > ^ = (2.5.10) 

8m m 

which is valid both for the nonrelativistic and the relativistic case [10]. Thus for 

y< , m^ax<M, (2.5.11) 

there is no matter inside the ball. We call this the escape effect. Needless to say, the effect is 
quantum. 

2.6 Violation of the constraint equation of general relativity 

The 0/i- components of the Einstein equation give 

Go;. = 87r/cTo^ ^R^ + k = ^p{t)R\ (2.6.1) 



which is the constraint equation for the problem considered. After the escape, eq. ( |2.6.1| ) reduces 
to 

R^ + k = Q, (2.6.2) 



which contradicts eq.( |2.1.6| ). This result shows once again that generally only the projected 



Einstein equation is fulfilled. 
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2.7 Naked singularity 

For a naked singularity, eq.( p.l.6|) is replaced by [11] 

R' = ^ + f{rl (2.7.1) 
so that the principal results do not change. 

3 Big cram: big crunch and big bang 

3.1 The Robertson- Walker spacetime and the cosmic-length uni- 
verse 

We consider a global, or cosmic singularity for the cosmic-length universe [3,4] — a model based 
on the Robertson- Walker spacetime. 

The Robertson- Walker metric is of the form 

g = dt^ - R^it){ — + rW + r2sin2^ V L fc = -1,0,1. (3.1.1) 

[ 1 — Kr^ J 

We are interested in the closed universe, k = 1. The projected Einstein equation gives 

Gij = SirnTij 2RR + + k = -MnpR^. (3.1.2) 



The equation of motion for matter is 



or 



where 



Eqs.(|T|),(|T4D lead to 



T°";. = 0, (3.1.3) 

de = -pdV, (3.1.4) 

e = pV, (3.1.5) 

V = 27r^R\ (3.1.6) 



RR^ + kR pR^ = L = const (3.1.7) 



where L is the cosmic length [4]. 

3.2 Equation of state 

The equation of state for matter is 



p = 7P, 7 = 7(1^), -1<7<^- (3.2.1) 
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From eqs.( |3X^ ),( |3XTD it follows 



dp 1 + -i{V) 



dV, 



whence 



pV 



P 



■ exp 



V 

^ 7(V^') ,,,, 



dV = 1. 



PoVo [Jvo V 
With singularity in mind, we put 

K) +0, V ^ +0, = 7(0) 

and obtain 

p^l+7(0) _ pQ^st, 

which is the equation of state of matter for small V . 
3.3 Equation of motion for metric 

From here on we shall use the equation of state of matter (|3.2.5|) . We have 



i?37(0) ' 



/3 = const. 



From eqs. (|3T7|) , (ISXsD , (|3X6|) , (|3XID we obtain 



where 



RW + kR 



B 



B 



+ L 



The metric (|3.1.1| ) depends on 
We obtain in terms of q 



Sir 
q = R\ 



37(0)/2 



q 



and the equation of motion for the metric: 

g2 + = 4gl/2 



B 



37(0)/2 



q 



+ L 



3.4 Singularity 

In the neighborhood of the singularity q = 0, eq.( p.3.6| ) reduces to 

B 



37(0)/2 



Let g = correspond to t = 0. 



(3.2.2) 
(3.2.3) 

(3.2.4) 
(3.2.5) 



(3.3.1) 

(3.3.2) 

(3.3.3) 
(3.3.4) 
(3.3.5) 

(3.3.6) 



(3.4.1) 



3.5 Nonpositive pressure: tempered singularity and trivial passage 

Let 

-1<7(0)<0 (3.5.1) 



(the values —1 and relate to the false vacuum and dust respectively). Then eg. ( p.4.1|) reduces 
to 

(3.5.2) 
(3.5.3) 

(3.5.4) 



where 



so that 



L for 7(0) < 
L + B for 7(0) = 0, 



dt ~ ^^^^ ^ ■ 



Taking into account eqs.( |2.2.^ )-( p.2.9| ), we obtain 



Eq.( |3.3.5] ) results in 



2) 

g = 2g)'''4/V/3, 
3,2 nl7(o)| 



e = (5 



t 



2|7(0)| 



(3.5.5) 

(3.5.6) 
(3.5.7) 

(3.5.8) 



Thus the singularity is tempered and the metric is C^. The passage of the singularity is 
trivial. 



3.6 Positive pressure: strong singularity and CPT passage 

Let 

< 7(0) < I 



(the value 1/3 relates to relativistic matter). From eg. 03.3.5]) it follows 



lime = 00, 



so that the singularity is strong. Eg. ( ^.4.1] ) reduces to 
whence 

dt 



(3.6.1) 
(3.6.2) 

(3.6.3) 
(3.6.4) 
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where 



We obtain for a > 0: 



1 - 37 1 

a = 0<a<-. 3.6.5 

g = (3.6.6) 

q = —^we'^^-''\ (3.6.7) 
I — a 

n= " (3.6.8) 



where 

the metric is C^. 

We have for a = 0: 



(1-a) 

W= [25^/2(1 _^)|l/(l-a). (3gg) 

q = 2B^I'^\tl (3.6.10) 

. / -2SV2 for t<0 ... 

g = AB^''^5{t)- (3.6.12) 

the metric is C . 

Thus, for a positive pressure, the cosmic singularity is strong and the passage is a CPT 
one. 

3.7 Quantum matter 

Now let us take into account the quantum nature of matter. In the case of the closed universe 
with radius i?, we have for the momentum of a quantum particle 

P>^. (3.7.1) 

so that on account of 

E2 = m2+p2^ (3.7.2) 

we obtain 

E > i = J^. (3.7.3) 

Therefore, in view of eq. (|3.3.5|) , if there is some matter in the vicinity of the big cram, 

7(0) = ^ (3.7.4) 

holds. 

Thus there are two possibilities for the global singularity: 

7(0) = —1, the false vacuum; (3.7.5) 
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7(0) = -, some relativistic matter. (3.7.6) 
3 



In the case of the false vacuum, we obtain from eqs.( |3.5.3| ),( ^.5.5D -( ^.5.8i 



Ox 4/3 

L'/h'/\ (3.7.7) 



/Q\ 1/3 



and 



2 

9\ 2/3 

-) L2/3t-2/3^ (3.7.9) 



3/ 



the singularity is tempered, the metric is C^, and the passage is trivial. 

In the case of relativistic matter, we obtain from eqs. (|3.6.1CI| )- (|3.6.l"^ ),( |3.3.5|) , (|3.3.3| ): 



q = 2B^/'^\t\, (3.7.11) 

q = 2B'/^[-9{-t) + 9{t)], (3.7.12) 

q = 4B^/'^6{t), (3.7.13) 

and 

the singularity is strong, the metric is C, and the passage is a CPT one. 
3.8 The oscillating universe 

The passableness for the cosmic singularity implies the oscillating universe (for some discussion, 
see [1]). We have for the universe: 

... expansion, contraction, big cram (big crunch followed by big bang) , expansion ... 

(3.8.1) 
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